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In boundary value problems involving thin interphases, it is often desirable to have a model of an inter-
phase which makes possible to solve for the ﬁelds in the adjacent media without having to solve for the
ﬁelds in it. This is usually achieved in the literature by replacing the interphase by a geometrical surface
with appropriately designed ‘‘imperfect interface” conditions on it. In the present study, carried out in the
setting of elasticity, another option is explored: the geometry of the interphase is left intact, and condi-
tions are devised for the displacements and tractions pertaining to the media adjacent to the interphase
and evaluated at both sides of it such that they will simulate the presence of the interphase. Those con-
ditions do not involve the ﬁelds within the interphase, yet they depend on its material properties and on
those of the adjacent media as well, and make possible to solve for the ﬁelds in the adjacent media with-
out having to solve for the ﬁelds in the interphase. The formulation is given in a parallel orthogonal cur-
vilinear coordinate system suitable for the modeling arbitrarily curved three-dimensional interphases of
constant thickness. Both types of the above described interphase models are tested in the setting of a
coated inﬁnite ﬁber embedded in a matrix which is subjected to an anti-plane shear loading and an
in-plane transverse shear loading at inﬁnity, and their predictions are compared with the exact solutions
for the ﬁelds in the three-phase conﬁguration consisting of the interphase and its adjacent media. The
model in which the interphase geometry is left intact is observed to perform generally better than the
one in which the interphase is replaced by an interface.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Interphases are encountered when two solids are bonded to-
gether as in adhesive joints, or in the form of coatings surrounding
particles or ﬁbers in composites. Often the treatment of thin inter-
phases in a three-dimensional setting is not convenient either in
analytical solutions or in numerical ones. For example, graded
interphases with a complex variation of the interphase properties
through its thickness may render an analytical approach intracta-
ble. On the other hand, ﬁnite element solutions in systems involv-
ing thin interphases necessitate elongated elements which are
known to be undesirable in those methods. Thus, models of an
interphase which aim at taking into account its effect without solv-
ing for the ﬁelds in it become a necessity in many cases.
Thin interphases are often modeled by a geometrical surface
with appropriately designed ‘‘imperfect interface” conditions on
it. Such an approach was adopted, for example, by Bövik and Ols-
son (1992), Boström et al. (1992), and was comprehensively for-
mulated and discussed by Bövik (1994) in the setting of isotropic
interphases. Special emphasis were given in those studies to appli-
cations in wave propagation phenomena, as further done in Bövikll rights reserved.
+972 36407617.
te).(1996). The method of derivation of the interface model of a thin
interphase used in the above papers was generalized in Benveniste
(2006a) to derive an interface model of a three-dimensional arbi-
trarily curved anisotropic thin interphase in the setting of non-
steady heat conduction and dynamic elasticity. An extensive list
of references on the subject can be found in the above works, as
well as in additional ones cited in the main body of the present
study. In this paper, instead modeling the interphase by a single
interface, we explore another option: the geometry of the inter-
phase is left intact, and conditions for the ﬁelds pertaining to the
media adjacent to the it and evaluated at both of its sides are de-
vised such that they will simulate the presence of the interphase.
Those conditions do not involve the ﬁelds within the interphase,
yet they depend on its material properties and on those of the adja-
cent media as well, and make possible to solve for the ﬁelds in the
adjacent media without having to solve for the ﬁelds in the inter-
phase. This point of view was also adopted by Rubin and Benven-
iste (2004) in the construction of a Cosserat shell model of an
interphase.
In Section 2, the equations of elasticity are summarized in dya-
dic notation which is convenient for a description in curvilinear
coordinates. That section contains also a statement of the repre-
sentation of the normal derivatives of the displacement and trac-
tion vectors at an arbitrary surface in a solid in terms of surface
Fig. 1. An interphase between to media: (a) The geometry applicable to Model I in
which appropriate conditions on the ﬁelds of the adjacent media at the surfaces S1
and S2 account for the presence of the interphase, (b) An ‘‘imperfect interface”
separating directly both media and used in Model II in which appropriate imperfect
interface conditions on a single surface S0 account for the presence of the
interphase.
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central to the formulation of the interphase models described
above. In Section 3, a model of the interphase which leaves the
geometry of the interphase intact is derived to O(h) accuracy where
h is the thickness of the interphase, and will be called in the pres-
ent study as Model I. The formulation of the model is given in the
setting of a parallel orthogonal curvilinear coordinate system suit-
able for the treatment of arbitrarily curved constant thickness
three-dimensional interphases. The O(h) model of Bövik (1994)
and Benveniste (2006a) in which the interphase is replaced by an
interface will be called here Model II. In Section 4, both models
are tested in the setting of a coated inﬁnite ﬁber embedded in a
matrix which is subjected at inﬁnity to two types of loadings: (a)
a static anti-plane shear loading, (b) a static in-plane transverse
shear loading, for both of which analytical solutions are available
in the three-phase conﬁguration consisting of the interphase and
its adjacent media. In both kinds of loadings, the two models are
observed to perform generally well for a wide spectrum of inter-
phase stiffness. In the case of anti-plane shear, Model II is seen to
perform poorly in certain circumstances for extremely soft or stiff
interphases, whereas Model I matches successfully the exact solu-
tion for any shear modulus of the interphase. In the case of in-
plane transverse shear loading both O(h) models perform poorly
at extremely stiff interphases. In order to achieve a better perfor-
mance in those instances, in Section 5 we formulate the O(h2) ver-
sion of Model I which succeeds in matching the exact solution in
the in-plane shear loading for the complete softness/stiffness spec-
trum of the interphase. In Appendices A and B to the paper explicit
expressions are given for the surface differential forms which enter
in the characterization of the O(h2)-version of Model I.
2. Preliminaries
Consider a three-dimensional constant thickness interphase
separating two media. This interphase is conveniently analyzed
by using a so-called ‘‘parallel orthogonal curvilinear coordinate
system”. In order to describe this system, we ﬁrst map the constant
thickness interphase by parallel surfaces and denote its middle
surface by S0, see Fig. 1a. On the surface S0 we next deﬁne the
orthogonal curvature lines by v1 and v2. Furthermore, a linear coor-
dinate v3 which is normal both to S0 and to the other parallel sur-
faces as well, is also deﬁned. The set of surfaces describing the
parallel curvilinear coordinate system are: the ﬁrst set consisting
of the parallel surfaces, and the second and third sets which are
the developable surfaces generated by the normals to S0 along its
lines of curvature. Since the v1 and v2 curves are lines of curvature
at S0, and the surfaces in the ﬁrst set are parallel to each other, it
follows that the intersections of the developable surfaces in the
second and third sets with any parallel surface take place along
the lines of curvature of that speciﬁc parallel surface. The deﬁned
curvilinear coordinate system is therefore orthogonal. Its metric
coefﬁcients are denoted by h1, h2, h3 with h3 = 1; for a detailed
exposition of vector and tensor analysis in this orthogonal curvilin-
ear system, see the Appendix A in Benveniste (2006a).
The equations of elasticity are now summarized using the dya-
dic notation in the setting of parallel orthogonal curvilinear coordi-
nates. The interphase and the adjacent media are assumed to be
elastically isotropic and small deformations are assumed through-
out. The linear and isotropic Hooke’s law is given by
rij ¼ kekkdij þ 2leij; ð2:1Þ
where k and l denote the Lamé parameters, rij = rji is the stress
tensor and eij = eji is the inﬁnitesimal strain tensor. The summation
convention is used in (2.1) and throughout the paper, unless other-
wise indicated. In dyadic notation the stress and strain tensors will
be denoted byr ¼ r11u^1u^1 þ r12u^1u^2 þ r13u^1u^3 þ r21u^2u^1 þ r22u^2u^2
þ r23u^2u^3 þ r31u^3u^1 þ r32u^3u^2 þ r33u^3u^3;
e ¼ e11u^1u^1 þ e12u^1u^2 þ e13u^1u^3 þ e21u^2u^1 þ e22u^2u^2
þ e23u^2u^3 þ e31u^3u^1 þ e32u^3u^2 þ e33u^3u^3:
ð2:2Þ
The inﬁnitesimal strains are related to the displacements by
eij ¼ 12 fðgrad uÞij þ ðgrad uÞjig; ð2:3Þ
where grad u is deﬁned as
grad u ¼ u^1 1h1
@u
@m1
þ u^2 1h2
@u
@m2
þ u^3 @u
@m3
; ð2:4Þ
with the displacement vector u being denoted by
u ¼ u1u^1 þ u2u^2 þ u3u^3: ð2:5Þ
The dynamic balance law is
divr ¼ q @
2u
@t2
; ð2:6Þ
where q is the density of the solid, t denotes the time, and divr, the
divergence of the second order tensor r is deﬁned by
ðdivrÞi ¼ ðgrad rÞkik; ð2:7Þ
with grad r being given as
grad r ¼ u^1
h1
@
@m1
rþ u^2
h2
@
@m2
rþ u^3 @
@m3
r: ð2:8Þ
The continuity conditions across a surface C between two solids,
under perfect contact conditions, are
uð1Þi
 
C
¼ uð2Þi
 
C
; rð1Þij nj
 
C
¼ rð2Þij nj
 
C
; ð2:9Þ
where n is the unit normal to C, arbitrarily chosen from one solid to
the other.
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tives of the displacement and traction vectors ti = rijnj at an arbitrary
surface S in a solid in terms of surface differential forms. This repre-
sentation which is central to the analysis in the present study was
given in Bövik (1994) for the case of isotropic elasticity and ex-
tended by Benveniste (2006a) to the anisotropic setting. It reads:
@ui
@m3
 
¼ fMðujÞgi þ fNðtjÞgi;
@ti
@m3
 
¼ fTðtjÞgi þ fUðujÞgi i ¼ 1;2;3 ð2:10Þ
whereM;N;U, andT are surface differential operators which con-
tain only tangential derivatives along S (U contains time derivatives
as well), and depend on the material parameters of the solid. In the
adopted notation fMðujÞgi, indicates that for given i the differential
form fMðujÞgi may contain all of the three components of the dis-
placement vector; the same rule applies to the other terms in
(2.10). Explicit statements of those differential forms derived in
the setting of anisotropic elasticity are given in Section 4 of Benven-
iste (2006a). For the case of isotropic elasticity they are stated in
Eqs. (5.7)–(5.12) of that paper which we reproduce below and
which form the starting point of the analysis of the present study.
The expressions for fMðujÞgi and fNðtjÞgi of (2.10) are:
fMðujÞg1 ¼ ðgradSuÞ13; fMðujÞg2 ¼ ðgradSuÞ23;
fMðuÞg3 ¼ 
k
kþ 2l ðgradSuÞkk;
fNðtjÞg1 ¼
1
l
t1; fNðtjÞg2 ¼
1
l
t2; fNðtjÞg3 ¼
1
kþ 2l t3;
ð2:11Þ
where the surface gradient of the displacement vector is deﬁned as
[see Appendix A in Benveniste (2006a)]
ðgradSuÞij ¼ ðgrad uÞij  Tijk
@uk
@v3
ð2:12Þ
with the non-vanishing components of Tijk being given by T3pp = 1,
with no sum on p, and grad u is deﬁned by
grad u ¼ u^1
h1
@
@m1
uþ u^2
h2
@
@m2
uþ u^3 @
@m3
u: ð2:13Þ
It is also noted that in the parallel curvilinear coordinate system (m1,
m2, m3), the components of the traction vector are t1 = r31, t2 = r32,
t3 = r33. The expressions for fUðtjÞgi and fTðtjÞgi are more elabo-
rate, with the former being given by
fUðujÞg1 ¼ p
1
h1
@
@m1
fðgradSuÞ11g  q
1
h1
@
@m1
fðgradSuÞ22g
 2l
h1h2
@h2
@m1
fðgradSuÞ11  ðgradSuÞ22g 
2l
h1h2
 @h1
@m2
ðgradSuÞ12 þ ðgradSuÞ21
  l
h2
 @
@m2
ðgradSuÞ12 þ ðgradSuÞ21
 þ q @2u1
@t2
; ð2:14Þ
where
p ¼ 4lðkþ lÞðkþ 2lÞ ; q ¼
2kl
ðkþ 2lÞ : ð2:15Þ
The differential form fUðujÞg2 has the same structure as fUðujÞg1
with the indices ‘‘1” and ‘‘2” being interchanged. The third compo-
nent of fUðujÞgi is
fUðujÞg3 ¼ p
ðgradSuÞ11
R1
þ ðgradSuÞ22
R2
 	
 q ðgradSuÞ11
R2
þ ðgradSuÞ22
R1
 	
þ q @
2u3
@t2
; ð2:16Þwhere R1 and R2 are the principal radii of curvature of the surface S,
deﬁned as positive when the unit normal u^3 points towards the cen-
ter of curvature and are given by
1
R1
¼  1
h1
@h1
@m3
;
1
R2
¼  1
h2
@h2
@m3
: ð2:17Þ
Finally, the expressions for fTðtjÞgi are
fTðtjÞg1 ¼ g
1
h1
 
@t3
@m1
 2t1
h1
@h1
@m3
 1
h2
@h2
@m3
t1;
fTðtjÞg2 ¼ g
1
h2
 
@t3
@m2
 2t2
h2
@h2
@m3
 1
h1
@h1
@m3
t2;
fTðtjÞg3 ¼ n
1
R1
þ 1
R2
 	
t3  1h1h2
@
@m1
ðh2t1Þ þ @
@m2
ðh1t2Þ
 	
;
ð2:18Þ
where
g ¼ k
kþ 2l ; n ¼
2l
kþ 2l : ð2:19Þ3. Two O(h) Models for an arbitrarily curved three-dimensional
thin interphase
Consider a conﬁguration which consists of two solids (denoted
as Medium ‘‘1” and Medium ‘‘2”) being separated by a thin inter-
phase (denoted as Medium ‘‘0”) (see Fig. 1a) and let it be subjected
to some external loadings. The question is raised whether a model
of the interphase could be achieved which would make possible to
solve for the ﬁelds in Medium ‘‘1” and Medium ‘‘2” without having
to solve for the ﬁelds within the interphase. One such model was
proposed in Bövik (1994) and Benveniste (2006a) in which the thin
interphase has been replaced by an interface separating Medium
‘‘1” and Medium ‘‘2” (Fig. 1b), with appropriate interface condi-
tions being devised on it, which simulate the interphase that has
been eliminated. In this section we derive an alternative O(h) mod-
el of the interphase in which its geometry will be left intact, and
conditions for the ﬁelds pertaining to Medium ‘‘1” and Medium
‘‘2”, and evaluated at both sides of the interphase will be devised
such that they will simulate the presence of the interphase. It will
be shown below that manipulations involving additional Taylor
expansions on the equations which govern the above described
model (in which the geometry of the interphase has been left in-
tact) can lead to the model which was formulated in Bövik
(1994) and Benveniste (2006a) in which the interphase was re-
placed by an interface. Thus, in view of the order in which both
models have been obtained, the model in which the geometry of
the interphase has been left intact will be called here Model I,
and the one in which the interphase has been replaced by an inter-
face will be called here Model II.
3.1. Model I
In the conﬁguration of Fig. 1a, the displacements at the mid-
surface S0 can be expressed in terms of a Taylor expansion about
the lower surface S1, or alternatively by means of Taylor expansion
about the upper surface S2. Those options provide
uð0Þi
 
v3¼0
¼ uð0Þi
 
v3¼h=2
þ h
2
 
@uð0Þi
@m3
 !
v3¼h=2
þ Oðh2Þ; ð3:1Þ
uð0Þi
 
v3¼0
¼ uð0Þi
 
v3¼h=2
 h
2
 
@uð0Þi
@m3
 !
v3¼h=2
þ Oðh2Þ: ð3:2Þ
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uð0Þi
 
v3¼h=2
 uð0Þi
 
v3¼h=2
¼ h
2
 
@uð0Þi
@m3
 !
v3¼h=2
þ @u
ð0Þ
i
@m3
 !
v3¼h=2
8<
:
9=
;þ Oðh2Þ; ð3:3Þ
Using the representation for the normal derivatives of the displace-
ments stated in (2.10) casts (3.3) to the form
uð0Þi
 
h=2
 uð0Þi
 
h=2
¼ ðh=2Þ Mð0Þ uð0Þj
 n o
i
n o
h=2


þ Nð0Þ tð0Þj
 n o
i
n o
h=2
þ Mð0Þ uð0Þj
 n o
i
n o
h=2
þ Nð0Þ tð0Þj
 n o
i
n o
h=2

þOðh2Þ; ð3:4Þ
where, for simplicity, we have used the notation ± h/2 in the sub-
scripts instead of m3 = ± h/2, and the superscript ()(0) appearing on
the surface differential operators indicate that those operators have
been deﬁned within the interphase and contain therefore its mate-
rial parameters. The next step is to use the continuity conditions on
the displacements and stresses on the surfaces S1 and S2 and which
transforms (3.4) to the form
uð2Þi
 
h=2
 uð1Þi
 
h=2
¼ ðh=2Þ Mð0Þðuð2Þj Þ
n o
i
n o
h=2


þ Nð0Þ tð2Þj
 n o
i
n o
h=2
fMð0Þ uð1Þj
 
gi
n o
h=2
þ Nð0Þ tð1Þj
 n o
i
n o
h=2

þ Oðh2Þ ð3:5Þ
An analogous development on the tractions provides the dual
expression for the conditions on the tractions at S1 and S2
tð2Þi
 
h=2
 tð1Þi
 
h=2
¼ ðh=2Þ Tð0Þ tð2Þj
 n o
i
n o
h=2


þ Uð0Þ uð2Þj
 n o
i
n o
h=2
þ Tð0Þ tð1Þj
 n o
i
n o
h=2
þ Uð0Þ uð1Þj
 n o
i
n o
h=2

þ Oðh2Þ: ð3:6Þ
Eqs. (3.5) and (3.6) describe Model I. It is observed that the opera-
tors entering in those equations, as taken from (2.11)–(2.19) are
now afﬁliated to the interphase (as indicated by the superscript
()(0)) and thus will contain its material parameters, yet they operate
on the displacement and traction ﬁelds of the adjacent media eval-
uated at the inner and outer surfaces of the interphase. Those equa-
tions make possible to solve for the ﬁelds in Medium ‘‘1” and
Medium ‘‘2” without having to solve for the ﬁelds in the interphase.
3.2. Model II
In this model the conﬁguration of the interphase is removed
completely and replaced it by an interface onto which media 1
and 2 come in direct contact, as indicated in Fig. 1b. This approach
was adopted, for example, by Bövik (1994), Benveniste (2006a) and
Hashin (2001, 2002) (in a form different than that existing in the
ﬁrst two references), where an O(h) interface model of the inter-
phase was derived. In this short subsection, we point out how
Model II can be recovered from Model I governed by (3.5) and
(3.6) by performing additional Taylor expansions in the setting of
Fig. 1b.
In order to achieve the representation according to Model II, one
ﬁrst demands that the conditions (3.5) and (3.6), which are valid at
the locations h/2 and +h/2 in the conﬁguration of Fig. 1a are also
valid at the same locations of Fig. 1b. With this requirement, the
ﬁelds at locations m3 6  h/2 and m3P + h/2 in both conﬁgurationsin Fig. 1 become the same, justifying therefore the introduction of
the two-phase conﬁguration in Fig. 1b. In order to complete the
construction of Model II, additional Taylor expansions need to be
performed in Eqs. (3.5) and (3.6) in the setting of Fig. 1b. This pro-
cedure will be illustrated below for Eq. (3.5) with an analogous one
being applicable to Eq. (3.6). On the left hand-side of (3.5), Taylor
expansions for the displacements in the conﬁguration of Fig. 1b
gives:
uð2Þi
 
v3¼h=2
¼ uð2Þi
 
þ
þ h
2
 
@uð2Þi
@m3
 !
þ
þ Oðh2Þ; ð3:7Þ
uð1Þi
 
v3¼h=2
¼ uð1Þi
 

 h
2
 
@uð1Þi
@m3
 !

þ Oðh2Þ; ð3:8Þ
where the notation () and ()+ indicates that the relevant quantities
have been evaluated respectively on the side of Medium ‘‘1” and
Medium ‘‘2” at the introduced interface at Fig. 1b. On the other
hand, noting that the right hand-side of (3.5) already contains the
thickness h, for the development of an O(h) theory it is sufﬁcient
to have there expansions in the form:
Mð0Þ uð2Þj
 n o
i
n o
v3¼h=2
¼ Mð0Þ uð2Þj
 n o
i
n o
þ
þ OðhÞ; ð3:9Þ
Mð0Þ uð1Þj
 n o
i
n o
v3¼h=2
¼ Mð0Þ uð1Þj
 n o
i
n o

þ OðhÞ: ð3:10Þ
Substitution of (3.7)–(3.10) in (3.5) provides the ﬁrst equation char-
acterizing Model II
uð2Þi
 
þ
 uð1Þi
 

¼ ðh=2Þ Mð0Þ uð2Þj
 n o
i
n o
þ
þ Mð0Þ uð1Þj
 n o
i
n o



þ Nð0Þ tð2Þj
 n o
i
n o
þ
þ Nð0Þ tð1Þj
 n o
i
n o

 Mð2Þ uð2Þj
 n o
i
n o
þ
 Mð1Þ uð1Þj
 n o
i
n o

 Nð2Þ tð2Þj
 n o
i
n o
þ
 Nð1Þ tð1Þj
 n o
i
n o


þOðh2Þ:
ð3:11Þ
A similar derivation applied now to (3.6) gives
tð2Þi
 
þ
 tð1Þi
 

¼ ðh=2Þ Tð0Þ tð2Þj
 n o
i
n o
þ
þ Tð0Þ tð1Þj
 n o
i
n o



þ Uð0Þ uð2Þj
 n o
i
n o
þ
þ Uð0Þ uð1Þj
 n o
i
n o

 Tð2Þ tð2Þj
 n o
i
n o
þ
 Tð1Þ tð1Þj
 n o
i
n o

 Uð2Þ uð2Þj
 n o
i
n o
þ
 Uð1Þ uð1Þj
 n o
i
n o


þOðh2Þ:
ð3:12Þ
Eqs. (3.11) and (3.12) are the governing equations of Model II. The
differential operators entering in those equation are to be taken
from (2.11)–(2.19) and will be afﬁliated to either to Medium ‘‘1”,
Medium ‘‘0”, or Medium ‘‘2”, with the appropriate material param-
eters being applicable in each case.
4. Testing of the O(h) Models
Although both Model I and Model II have been developed in
Section 3 in the setting of dynamic elasticity, they will be tested
in this section in static elasticity for the sake of simplicity. We
consider here a coated cylindrical ﬁber embedded in an inﬁnite
medium, and denote the ﬁber, coating and the surrounded matrix
by the indices a = 1,0,2 respectively. The ﬁber radius is denoted by
a, the coating thickness by it h, the outer radius of the coating
by b = a + h, and the mid-radius of the coating by R = (a + b)/2.
Two loading conditions at inﬁnity will be considered: (a) An
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shear loading.
4.1. Static anti-plane shear loading
Consider the following displacement conditions at inﬁnity
uð2Þr ðr; hÞr!1 ¼ uð2Þh ðr; hÞr!1 ¼ 0; uð2Þz ðr; hÞr!1 ¼ e0r cos h; ð4:1Þ
deﬁned in the cylindrical coordinate system (r, h, z). The induced
displacement ﬁeld is anti-plane, and characterized by the
displacements
uðaÞr ðr; hÞ ¼ uðaÞh ðr; hÞ ¼ 0;uðaÞz ðr; hÞ ¼ f ðrÞ cos h: ð4:2Þ
The displacement uðaÞz ðr; hÞ is known to be analogous to the temper-
ature ﬁeld induced in the steady heat conduction problem of the de-
scribed three-phase conﬁguration which is subjected to a transverse
heat ﬂux at inﬁnity. It satisﬁes Laplace’s equation for which an ele-
mentary solution can be found for f(r). That last boundary value
problem was used by Benveniste (2006b) in testing interphase
models in conduction (of O(h) and higher order as well) of the nat-
ure of Model II of the present study. In this subsection we imple-
ment Model I and Model II both to O(h) accuracy, and compare
their predictions with the exact solution in the three-phase conﬁg-
uration consisting of the interphase and its adjacent media.
The differential forms applicable to the anti-plane setting in a
cylindrical geometry are derivable from their general form stated
in Section 2 by letting
m1 ¼ h; m2 ¼ z; m3 ¼ r; h1 ¼ r; h2 ¼ 1; h3 ¼ 1; ð4:3Þ
which, under static conditions, reduce to:
ðMðujÞÞz ¼ 0; ðNðtjÞÞz ¼
1
l
rrz;
ðUðujÞÞz ¼ 
l
r2
  @2uz
@h2
 !
; ðTðtjÞÞz ¼ 
1
r
rrz: ð4:4Þ
Implementation of (4.4) in (3.5) and (3.6) yields the following
two equations characterizing Model I
uð2Þz
 
h=2  uð1Þz
 
h=2 ¼
h
2
 
1
l0
 
rð2Þrz
 
h=2 þ
1
l0
 
rð1Þrz
 
h=2
 	
þOðh2Þ;
ð4:5Þ
rð2Þrz
 
h=2  rð1Þrz
 
h=2 ¼
h
2
 
 1
b
 
rð2Þrz
 
h=2 
l0
b2
 
@2uð2Þz
@h2
 !
h=2
8<
:
 1
a
 
rð1Þrz
 
h=2 
l0
a2
  @2uð1Þz
@h2
 !
h=2
9=
;þOðh2Þ:
ð4:6Þ
where evaluations at r = a and r = b have been used.
On the other hand, implementation of (4.4) in (3.11) and (3.12)
provides the following equations for Model II:
uð2Þz
 
þ  uð1Þz
 
 ¼
h
2
 
1
l0
 1l2
 
rð2Þrz
 
þ þ
1
l0
 1l1
 
rð1Þrz
 

 	
þOðh2Þ;
ð4:7Þ
rð2Þrz
 
þ  rð1Þrz
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h
2
 
l2l0
  1
R2
 
@2uð2Þz
@h2
 !
þ
(
þ l1l0
  1
R2
 
@2uð1Þz
@h2
 !

)
þOðh2Þ: ð4:8Þ
where evaluations are made at the mid-surface R of the interphase
which has been eliminated.
Next, we proceed to a statement of the analytical solutions for
the ﬁelds in: (a) the exact setting of the three-phase conﬁgurationconsisting of ﬁber, coating and matrix, (b) the settings of Model I
and Model II. Since the displacement uz satisﬁes Laplace’s equation
in the anti-plane case, for the three-phase conﬁguration one has:
uð1Þz ¼ A1
r
R
 
cos h;uð0Þz ¼ A0
r
R
 
þ B0 Rr
  	
cos h;
uð2Þz ¼ e0r þ B2
R
r
  	
cos h; ð4:9Þ
where A1, A0, B0, B2 are constants to be determined by the continuity
of the displacement uz and traction rrz at r = a and r = b.
On the other hand, in the setting of Model I there is:
uð1Þz ¼ C1
r
R
 
cos h; for r 6 a;
uð2Þz ¼ e0r þ C2
R
r
  	
cos h; for r P b; ð4:10Þ
and C1, C2 are constants to be determined by the implementation of
the conditions given in (4.5) and (4.6) at r = a and r = b. In the setting
of Model II on the other hand, the same forms of (4.10) apply, but
they are now valid in the domains r 6 R and rP R, respectively
and the constants are determined by the implementation of the
conditions given in (4.7) and (4.8) at r = R.
4.2. Static in-plane transverse shear loading
Here the displacement ﬁeld at inﬁnity is given by
uð2Þr ðr; hÞ

r!1 ¼ e0r sinð2hÞ; u
ð2Þ
h ðr; hÞ

r!1
¼ e0r cosð2hÞ; uð2Þz ¼ 0:
ð4:11Þ
Under this loading, plane strain conditions prevail in the de-
scribed conﬁguration. In static conditions, the form of the differen-
tial operators, as deduced from their general forms given in
Section 2 are now:
ðMðujÞÞh ¼ 
1
r
@ur
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þ 1
r
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l
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@rrh
@h
;
ð4:12Þ
where the parameters p, q, g, n are deﬁned in (2.15) and (2.19).
Implementing (4.12) in (3.5) and (3.6) yields the following four
equations characterizing Model I:
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where p0, g0, n0 appearing in the above equations are those deﬁned
in (2.15) and (2.19) and pertain now to the interphase.
The interface conditions governing Model II are obtained by
implementing (4.12) in (3.11) and (3.12) and consist of
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ð4:20Þwhere
f1 ¼ g2  g0; f 2 ¼ g1  g0; f 3 ¼
1
k0 þ 2l0
 1
k2 þ 2l2
;
f 4 ¼
1
k0 þ 2l0
 1
k1 þ 2l1
; ð4:21Þ
f5 ¼ 1l0
 1
l2
; f 6 ¼
1
l0
 1
l1
; f 7 ¼ n2  n0; f 8 ¼ n1  n0;
f 9 ¼ p0  p2; f 10 ¼ p0  p1:
Next, we proceed to a statement of the ﬁelds induced by (4.11)
in the setting of the exact solution and in those of Model I and
Model II. The displacement ﬁelds in the exact solution were given
by Christensen and Lo (1979) and implemented in numerous stud-
ies as, for example, in Rubin and Benveniste (2004). Here we use
the form existing in that last work with a minor redeﬁnition of
the constants therein. That form is given by
ðurÞi ¼ 2miAi
r3
R3
 
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þCi Rr
 
þDi R
3
r3
 !( )
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 
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2ð1 miÞ
 
Ci
R
r
 
Di R
3
r3
 !( )
cos2h;
ð4:22Þ
where i = 1, 0, 2 and C1 = D1 = 0, A2 = 0, B2 = e0 R, and mi are the Pois-
son’s ratio of the phases. For the exact solution there are eight con-
stants to be determined by the continuity conditions of the
tractions and displacements at r = a and r = b. In the setting of the
two formulated models, on the other hand, there are four constants
to be determined by the implementation of (4.13)–(4.16) in the case
of Model I and (4.17)–(4.21) in the case of Model II.
4.3. Numerical results for the O(h) models
We start the discussion with the performance of the models in
the anti-plane shear loading case. In order to single out the effect
of the stiffness of the thin interphase in that problem we choose
ﬁrst to set the shear moduli of the ﬁber and matrix equal to each
other (l1/l2 = 1). Let us deﬁne the maximum value of the dis-
placement uz (occurring, for example, at the location h = 0) by
Uz = uz/(Re0), and evaluate it at r = a and at r = b (indicated as loca-
tions A and B, respectively in the ﬁgure). Note that in the case of
Model II, to which Fig. 1b is applicable, the locations r = a and at
r = b occur at distances h/2 and h/2 from the interface which is
located at R = (a + b)/2. In Figs. 2 and 3 the quantity Uz = uz/(Re0)
is plotted versus the logarithm of the non-dimensionalized stiff-
ness of the coating denoted by log10(l0/l2) for a wide range of
8 6 log10 (l0/l2) 6 8, so chosen in order to cover the complete
stiffness spectrum of the interphase stiffness (as reﬂected by the
limiting values of the displacement) irrespectively of the usually
encountered values in actual applications. In Fig. 2 we have set
h/R = 0.01, and in Fig. 3, we have chosen h/R = 0.2 representing a
relatively thick shell. It is seen that for the case of h/R = 0.01, both
models perform similarly, whereas for the thicker shell with h/
R = 0.2, the performance of Model I is better. Next, we proceed
to investigate the effect of having l1/l2–1. In Fig. 4 we produce
results for the choices of h/R = 0.01, l1/l2 = 100; and in Fig. 5
for h/R = 0.01, l1/l2 = 0.01. The better performance of Model I
over Model II is now deﬁnitely observed with its predictions coin-
ciding with the exact solution for the complete range of stiffness
of the thin interphase.
Next we proceed to numerical results for the in-plane shear
loading. We start in Fig. 6 by considering ﬁrst a thin shell in the in-
side and outside of it the same medium is present (l1/l2 = 1, to-
gether with the choice of m1 = 0.3, m2 = 0.3). In that ﬁgure we
illustrate the maximum value of the displacements (4.22) at r = a
-8 -6 -4 -2 0 2 4 6 8
0
0.5
1
U z
(A
)
                                                      (a)                                     log10(μ0/μ2)
M-I O(h)
M-II O(h)
EXACT
-8 -6 -4 -2 0 2 4 6 8
0
1
2
3
U z
(B
)
                                                     (b)                                    log10(μ0/μ2)
M-I O(h)
M-II O(h)
EXACT
Fig. 2. The predictions of the O(h) Models I and II in the anti-plane shear problem, contrasted with the exact solution (denoted respectively by M-I O(h), M-II O(h), EXACT). The
maximum value of the non-dimensional displacement uz, denoted by Uz = uz/(Re0), evaluated at r = a (location A) and at r = b (location B), and plotted versus log10(l0/l2) for
the choices of l1/l2 = 1, and h/R = 0.01.
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Fig. 3. Same as Fig. 2, but with h/R = 0.2.
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values occur, for example, at h = p/4 for ur, and at h = 0 for uh. They
are plotted versus log10(l0/l2) in the complete spectrum of the
interphase thickness covered now by 10 6 log10(l0/l2) 6 10, for
the choice of a Poisson’s ratio of the interphase chosen as m0 = 0.3,
and an interphase thickness of h/R = 0.01. Those displacements
are non- dimensionalized with respect Re0 and denoted byUr =
(max ur)/(Re0), Uh = (max uh)/(Re0). In this setting, for which the
same medium is present inside and outside of the thin shell, both
models are seen to perform similarly for the chosen value ofh/R = 0.01. In Figs. 7 and 8 the inﬂuence of having a different med-
ium inside and outside of the shell is studied. In Fig. 7, the displace-
ments Ur = (max ur )/(Re0),Uh = (max uh)/(Re0) are plotted versus
log10(l0/l2) in the range of 10 6 log10(l0/l2) 6 10 for the choice
of an interphase thickness of h/R = 0.01, and material parameters
l1/l2 = 100, m1 = 0.2, m0 = 0.25, m2 = 0.35. Fig. 8 illustrates the results
for the case of h/R = 0.01, l1/l2 = 0.01, and m1 = 0.2, m0 = 0.25,
m2 = 0.35. For an interphase stiffness of 3 6 log10(l0/l2) 6 3 both
models perform sufﬁciently well, whereas for soft interphases
Model I improves on Model II in Fig. 8, and coincides with the exact
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Fig. 4. The predictions of the O(h) Models I and II in the anti-plane shear problem, contrasted with the exact solution (denoted respectively by M-I O(h), M-II O(h), EXACT). The
maximum value of the non-dimensional displacement uz, denoted by Uz = uz/(Re0), evaluated at r = a (location A) and at r = b (location B), and plotted versus log10(l0/l2) for
the choices of l1/l2 = 100, and h/R = 0.01.
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Fig. 5. Same as Fig. 2, but with l1/l2 = 0.01.
1906 Y. Benveniste, O. Berdichevsky / International Journal of Solids and Structures 47 (2010) 1899–1915solution in the range log10(l0/l2) 6 4 in both ﬁgures. Overall, Mod-
el I performs better than Model II; this is not surprising since the
passage fromModel I to Model II has necessitated additional Taylor
expansions carried out in the conﬁguration of Fig. 1b.
In the case of extremely stiff interphases it is observed that both
Model I and Model II perform poorly in Figs. 7 and 8. Apparently, at
such highly stiff interphases, their bending stiffness become impor-
tant and cannot be taken into consideration in an O(h) theory. One
means to achieve a better performance for very stiff interphases is
to use a Cosserat shell model of a thin interphase as done in Rubin
and Benveniste (2004). As shown therein, the construction of theCosserat model necessitates, however, the postulation of an appro-
priate strain energy for the shell-like interphase. Another means
which avoids such assumptions is the construction of higher order
interphase models of the nature described in Benveniste (2006a)
and Benveniste and Baum (2007) in the setting of conduction for
models of the type called here Model II, or as existing in Johansson
and Niklasson (2003) where a hierarchy of higher order approxima-
tions were developed for a thin ﬂat piezoelectric coating bonded to
a non-piezoelectric material. In Section 5 we formulate an O(h2)
version of Model I in elasticity, and test it as well. We have also
explored the development of the O(h2) version of Model II which
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Fig. 6. The predictions of the O(h) Models I and II in the in-plane shear problem, contrasted with the exact solution (denoted respectively by M-I O(h), M-II O(h), EXACT). The
maximum value of the displacements ur and uh denoted by Ur = ur/(Re0), Uh = uh/(Re0), evaluated at r = a (location A) and at r = b (location B), and plotted versus log10(l0/l2) for
the choices of l1/l2 = 1, Poisson’s ratios m1 = 0.3, m0 = 0.3, m2 = 0.3, and h/R = 0.01.
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transverse shear, but unfortunately which does not also perform
sufﬁciently well as will be further discussed in the following sec-
tion, and therefore will not be covered in the present study.
5. The O(h2)-version of Model I for an arbitrarily curved three-
dimensional thin interphase
5.1. Derivation
The derivation of the O(h2)-version of Model I is based on a rep-
resentation for the second normal derivatives of the displacement
and tractions, similar to those given in (2.10). That is,@2ui
@v23
 !
¼ fM^ðujÞgi þ fN^ðtjÞgi;
@2ti
@v23
 !
¼ fT^ðtjÞgi þ U^ðujÞgi; i ¼ 1;2;3: ð5:1ÞThese representations will be proved and explicit expressions for
them will be derived further below in this section.
In view of (5.1), in order to derive the O(h2)-version of Model I,
one has to repeat the derivation between (3.1) and (3.6) while
keeping this time the O(h2) terms and invoking (2.10) and (5.1).
This provides the following two equations
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Fig. 7. The predictions of the O(h) Models I and II in the in-plane shear problem, contrasted with the exact solution (denoted respectively by M-I O(h), M-II O(h), EXACT). The
maximum value of the displacements ur and uh denoted by Ur = ur/(Re0), Uh = uh/(Re0), evaluated at r = a (location A) and at r = b (location B), and plotted versus log10(l0/l2) for
the choices of l1/l2 = 100, Poisson’s ratios m1 = 0.2, m0 = 0.25, m2 = 0.3, and h/R = 0.01.
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Next, we proceed to derive explicit expressions for the differen-
tial forms entering in (5.2) and (5.3), in addition to those already
given in (2.11)–(2.18). As will be seen below, this derivation neces-
sitates the knowledge of the normal derivatives of the various
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Fig. 8. Same as Fig. 7, but with l1/l2 = 0.01.
Y. Benveniste, O. Berdichevsky / International Journal of Solids and Structures 47 (2010) 1899–1915 1909components of gradSu entering through (2.11)–(2.16). In Appendix
A to this paper, those derivatives are shown to admit the
representations
@ðgradSuÞab
@m3
 	
¼ fPabðujÞg þ fQabðtjÞg with a ¼ 1;2 and
b ¼ 1;2;3 ð5:4Þ
where PabðujÞ and QabðtjÞ are surface differential forms which will
be derived therein.
We start with the derivation of M^fðujÞg1;N^fðtjÞg1 . To this end,
we ﬁrst apply (2.10) with i = 1:
@u1
@m3
 
¼ fMðujÞg1 þ fNðtjÞg1 ¼ ðgrad uÞ13 þ
t1
l
; ð5:5Þand differentiate it with respect to m3
@2u1
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( )
C
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@v3
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1
l
 
fTðtjÞg1;
ð5:6Þ
where use has been made of (2.10) and (2.11). In accordance to (5.1)
and (5.6), one can now identify the surface differential forms
M^fðujÞg1 and N^ðtjÞg1, as follows:
M^fðujÞg1 ¼ fP13ðujÞg þ
1
l
 
fUðujÞg1;
N^fðtjÞg1 ¼ fQ13ðtjÞg þ
1
l
 
fTðtjÞg1: ð5:7Þ
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M^fðujÞg1; N^fðtjÞg1 by interchanging the indices 1 and 2 in (5.7).
As to M^fðujÞg3;N^fðtjÞg3, they are obtained by proceeding similarly,
and are given by
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1
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fTðtjÞg3:
ð5:8Þ
The derivation of f^UðujÞgi and f^TðtjÞgi follows the same lines but is
more elaborated. They can be shown to be given by
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T^fðtjÞg1 ¼ g
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while U^fðujÞg2; T^fðtjÞg2; are deduced from U^fðujÞg1 and T^fðtjÞg1 by
interchanging the indices 1 and 2.
Finally, the differential forms U^fðujÞg3; T^fðtjÞg3 are:
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ð5:12Þ5.2. The governing equations for the O(h2) Model I in cylindrical
coordinates
Since in the anti-plane setting the predictions of Model I have
already matched the exact solution in Figs. 2 and 3, for the sake
of brevity, results for its O(h2) version will be presented only in
the in-plane case. The associated differential forms in the case of
cylindrical coordinates resulting from their general expressions de-
rived in this section are given in Appendix B. Use of (2.11)–(2.19)
and (B.1) in (5.2) and (5.3) provides the following four equations:
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where
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ð5:17Þ5.3. Numerical results
In Fig. 9 the non-dimensional displacements Ur = (max ur)/(Re0),
Uh = (max uh)/(Re0), at r = a (location A) and r = b (location B) as pre-
dicted by the O(h) and O(h2) versions of Model I are illustrated and
contrasted with the exact solution. In that ﬁgure, the choice of
material parameters are those of Fig. 7, that is, l1/l2 = 100,
m1 = 0.2, m0 = 0.25, m2 = 0.35, together with h/R = 0.01. In Fig. 10
the choice of material parameters are those of Fig. 8 and are given
by l1/l2 = 0.01, m1 = 0.2, m0 = 0.25, m2 = 0.35. It is clearly seen that
the O(h2) version of Model I is successful in achieving a very good
match with the exact solution for the whole range of stiffness of
the interphase.
This section is concluded with some remarks on the O(h2)
version of Model II which has not been reported in this study.
Firstly, as seen from the development of the O(h) models, since
the development of Model II necessitates additional Taylor
expansions, it possesses a longer form as compared to Model I
(compare Eqs. (3.11), (3.12) to (3.5), (3.6)). In their O(h2)
versions this contrast in complexity is even more emphasized,
and the forms of the governing equations for the O(h2) version
of Model II become long and cumbersome. Secondly, and more
importantly, the numerical results for the O(h2) version of
Model II that we have developed revealed a serious deﬁciency
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Fig. 9. The predictions of the O(h) and O(h2) versions of Model I in the in-plane shear problem, contrasted with the exact solution (denoted respectively by M-I O(h), M-I O(h2),
EXACT). The maximum value of the displacements ur and uh denoted by Ur = ur/(Re0), Uh = uh/(Re0), evaluated at r = a (location A) and at r = b (location B), and plotted versus
log10(l0/l2) for the choices of l1/l2 = 100, Poisson’s ratios m1 = 0.2, m0 = 0.25, m2 = 0.35, and h/R = 0.01.
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predictions do not improve over the corresponding results of
its O(h) version exhibited in Figs. 7 and 8, and even fall more
distant from the exact solution. At the moment, the construction
of an O(h2) version of Model II in elasticity which behaves satis-
factorily at all ranges of interphase stiffness remains an open
issue.6. Closure
In this study, a model of a thin elastic interphase is
formulated which is characterized by conditions on thedisplacements and tractions belonging to its adjacent media
and evaluated at both sides of the interphase. Those conditions
depend on the material parameters of the interphase and of
the adjacent media, and make possible to solve for the ﬁelds
in the adjacent media without having to solve for the ﬁelds in
the interphase. Two versions of this model (called Model I in
the paper) are derived: one with O(h) accuracy, and a second
one with O(h2) accuracy, where h is the constant thickness of
the interphase. The O(h)-version of Model I is also compared
with a different O(h) model in which the interphase is replaced
by an interface with no thickness and characterized by appropri-
ate imperfect interface conditions on it (called Model II). They
are tested in the setting in the conﬁguration of a coated inﬁnite
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Fig. 10. Same as Fig. 9, but with l1/l2 = 0.01.
Y. Benveniste, O. Berdichevsky / International Journal of Solids and Structures 47 (2010) 1899–1915 1913ﬁber embedded in a matrix which is subjected at inﬁnity to
two different loadings for which analytical solutions are
available: a static anti-plane shear loading, and a static in-plane
shear loading. Model I is observed to have a better performance
than Model II, but for very stiff interphases both O(h) models
exhibit a poor performance for certain choices of the material
parameters. In order to achieve a better performance for very
stiff interphases, the O(h2) version of Model I is also derived
and tested in the setting of a static in-plane transverse
shear loading of the coated ﬁber embedded in a matrix. This ver-
sion of Model I is observed to succeed in matching the exact
solution for the complete softness/stiffness spectrum of the
interphase.Acknowledgement
Y. Benveniste is grateful for support from the Chair in Microm-
echanics of Composite Materials at Tel-Aviv University.
Appendix A. The surface gradient of the displacement vector
and the normal derivatives of its components
The components of the surface gradient of the displacement
vector in the parallel orthogonal curvilinear system are given by
ðgradSuÞij ¼ ðgraduÞij  Tijk
@uk
@m3
; ðA:1Þ
1914 Y. Benveniste, O. Berdichevsky / International Journal of Solids and Structures 47 (2010) 1899–1915where the non-vanishing components of Tijk are T3pp = 1, with no
sum on p, (see, for example, Appendix A in Benveniste (2006a)).
The explicit forms of (gradSu)ij are
ðgradSuÞ11 ¼
1
h1
 
@u1
@m1
þ 1
h1h2
 
u2
@h1
@m2
þ 1
h1
 
u3
@h1
@m3
;
ðgradSuÞ22 ¼
1
h2
 
@u2
@m2
þ 1
h2h1
 
u1
@h2
@m1
þ 1
h2
 
u3
@h2
@m3
;
ðgradSuÞ12 ¼
1
h1
 
@u2
@m1
 1
h2h1
 
u1
@h1
@m2
;
ðgradSuÞ21 ¼
1
h2
 
@u1
@m2
 1
h2h1
 
u2
@h2
@m1
;
ðgradSuÞ13 ¼
1
h1
 
@u3
@m1
 1
h1
 
u1
@h1
@m3
;
ðgradSuÞ23 ¼
1
h2
 
@u3
@m2
 1
h2
 
u2
@h2
@m3
;
ðgradSuÞ31 ¼ ðgradSuÞ32 ¼ ðgradSuÞ33 ¼ 0:
ðA:2ÞP12ðujÞ ¼ @
@v3
1
h1
  
@u2
@v1
þ 1
h1
 
@
@v1
fMðujÞg2
   @
@v3
1
h1h2
@h1
@v2
  
u1  1h1h2
@h1
@v2
 
fMðujÞg1
 
; ðA:5Þ
Q12ðtjÞ ¼ 1h1
 
@
@v1
fNðtjÞg2
   1
h1h2
@h1
@v2
 
fNðtjÞg1;
P13fðujÞg ¼ @
@v3
1
h1
  	
@u3
@v1
 
þ 1
h1
@
@v1
fMðujÞg3  u1
@
@v3
1
h1
 
@h1
@v3
  	
 1
h1
 
@h1
@v3
  	
fMðujÞg1; ðA:6Þ
Q13fðtjÞg ¼ 1h1
 
@
@v1
fNðtjÞg3 
1
h1
 
@h1
@v3
  	
fNðtjÞg1:In this appendix the explicit forms of the normal derivatives of
the non-vanishing components of (gradSu)ij which are needed in
Section 5 will be derived. The procedure will be illustrated for
the normal derivative of (gradSu)11:
@ðgradSuÞ11
@m3
¼ @
@v3
1
h1
@u1
@m1
þ 1
h1h2
@h1
@m2
u2 þ 1h1
@h1
@m3
u3
 	
¼ @
@v3
1
h1
  
@u1
@m1
þ 1
h1
 
@
@v1
@u1
@m3
  
þ @
@v3
1
h1h2
@h1
@m2
  
u2 þ 1h1h2
@h1
@v2
@u2
@m3
þ @
@v3
1
h1
@h1
@m3
  
u3 þ 1h1
@h1
@v3
@u3
@m3
¼ @
@m3
1
h1
  
@u1
@m1
þ 1
h1
 
@
@v1
fMðujÞg1 þ fNðtjÞg1
 
þ @
@m3
1
h1h2
@h1
@m2
  
u2 þ 1h1h2
@h1
@v2
fMðujÞg2

þ NðtjÞg2
 þ @
@v3
1
h1
@h1
@v3
  
u3
þ 1
h1
@h1
@v3
fMðujÞg3 þ fNðtjÞg3
 
:
ðA:3ÞThus, P11ðujÞ and Q11ðtjÞ are readily identiﬁed asP11ðujÞ ¼ @
@v3
1
h1
  
@u1
@v1
þ @
@v3
1
h1h2
@h1
@v2
  
u2
þ @
@v3
1
h1
@h1
@v3
  
u3þ 1h1
 
@
@v1
fMðujÞg1
 
þ 1
h1h2
@h1
@v2
fMðujÞg2
 þ 1
h1
@h1
@v3
fMðujÞg3
 
; ðA:4Þ
Q11ðtjÞ ¼ 1h1
 
@
@v1
fNðtjÞg1
 
þ 1
h1h2
@h1
@v2
fNðtjÞg2þ
1
h1
@h1
@v3
fNðtjÞg3:The expressions for P22ðujÞ and Q22ðtjÞ afﬁliated to the normal com-
ponent of (gradSu)22 are obtained from (A.4) by interchanging the
indices 1 and 2.
Using the same procedure, one obtains the following
expressions for fP12ðujÞg; fQ12ðtjÞg and fP13ðujÞg; fQ13ðtjÞg related
to the normal derivatives of (gradSu)12 and (gradSu)13 respec-
tively:The expressions for fP21ðujÞg; fQ21ðtjÞg afﬁliated to the normal
derivative of (gradSu)21 can be deduced from (A.5) by interchanging
the indices 1 and 2; and those for fP23ðujÞg; fQ23ðtjÞg related to
(gradSu)23 by interchanging the indices 1 and 2 in (A.6).Appendix B. The differential forms entering in the governing
equations of the O(h2) of Model I in cylindrical coordinates in
the in -plane Setting
Those differential forms include those already stated in (4.12)
which enter in the O(h) version of Model I, plus the ones below
which are deduced from their general expressions (5.7)–(5.12)
M^ðujÞ
 
h
¼ g p
l
 
1
r2
@ur
@h
þ g p
l
 
1
r2
@2uh
@h2
;
N^ðtjÞ
 
h
¼ glþ
1
kþ 2l
 
1
r
@rrr
@h
 1l
1
r
 
rrh
M^ðujÞ
 
r ¼ gþg2 þ
p
kþ 2l
 
1
r2
ur þ gr2
@2ur
@h2
þ g2 þ p
kþ 2l
 
1
r2
@uh
@h
;
N^ðtjÞ
 
r ¼
g
lþ
1
kþ 2l
 
1
r
@rrh
@h
 gþ n
kþ 2l
1
r
rrr;
T^ðtjÞ
 
h
¼ 3gþgn p
kþ 2l
 
1
r2
@rrr
@h
þ 6
r2
rrh þ g pl
 
1
r2
@2rrh
@h2
;
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 
h
¼ 3p
r3
@2uh
@h2
þ 4p
r3
@ur
@h
þ p
r3
@3ur
@h3
;
T^ðtjÞ
 
r
¼ plþ nþ3
 
1
r2
@rrh
@h
þ p
kþ 2lþ nþ n
2
 
1
r2
rrr þ gr2
@2rrr
@h2
;
U^ðujÞ
 
r
¼ð1þgþ nÞ p
r3
@uh
@h
 ð2þgþ nÞ p
r3
ur þ pr3
@3uh
@h3
:
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